The Binomial and Geonetr.ic Distributions

In Chapter 7, we learned that a random variable is one
whose values are the numeric outcomes of random
phenomena. In practice, we often encounter
situations where there are two outcomes of interest.
These situations can be described by binomial and
geometric distributions. In this chapter, we will use
what we have learned about probability and
random variables to complete our foundational
study of inference.

BinorBial and Geometric
Distributions:

¢ 8.1: The Binomial 3
Distributions

¢ 8.2: The Geometric
Distributions
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AP STATISTICS CHAPTER 8:

BINOMIAL AND GEOMETRIC DISTRIBUTIONS T
"I shall persevere until | find something that is (| &~
at least until | find for certain that nothingds cer ..

~RENEESARTES
Tentative Lesson Guide
Date Stats Lesson Assignment Done
Wed | 1/3 8.1 [Binomial Distributions Rd 439-44Do 1-5,9-13
Thu | 1/4 8.1 [Binomial Distributions Rd 450-459Do 27-36
Fri | 1/5 | Quiz |Quiz 8.1 (Take-Home?) |Rd 464-473Do 37-40
!
Mon | 1/8 Rev  |Geometric Distributions Review Worksheet
Tues| 1/9 Res |Review Chapter 8 Review Worksheet
Wed | 1/10| Exam [Exam Chapter 8 Online Quiz Due
Thurs| 1/11 9.1 [Sampling Distributions Penry Samplingctivity
Fri
Start Stud ying for y our Semester 1 Final Exam!
Note: Class Website:
The purpose of this guide is to helpy or- Be sue to log on to the class ebsite br
ganize gur studies or this chapter. notes,worksheets|inks to our text compan
The schedule and assignments/rohange ion site etc.
slighty.

http://web.mac.com/statsmonkey

Keep your homework organized andefer to 3
this when yu turn in your assignments at the Don®forget to take your online quiz!.Be
end of the chater.

sure to enter my email adress corectly!
http://bcs.whfreeman.com/yates2e

My email adress is:

jmmolesky@isd194.k12.mn.us
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Chapter 8 Objectives and Skills:

These ae the expectationsdr this chater. You should be able to amgr these questions and perin these tasks
accuratey and thooughy. Although this is not an exhaustiveview sheetjt gives a god idea of the "big pict&"
skills that yu should hee after completing this clpger. The more thoroughl and accuratglyou can complete
these taskghe better your preparation.

¥ The Binomial Distribution ¢ The Geometric Distribution
The binomial distribution is useful in situa TheAdvanced Placement Statistics Syllabus
tions wheee there are two outcomes of states that students need onlykmiy to
interest,such as success or fagur obtain gometic pobabilities tbugh simla
tionThe gometic setting is sombat similar
The Binomial Setting: to the binomial settitige basic défence be
[ Each obseration is in one of tw ing that thegpmetic setting does not have a
categries:success or faile: Pxed number of obsations
4 A bxed rumbern,of obsewations.
[ Obsenations ae independent . The Geometric Setting:
4 The probability of success is the same [ Each obseration is in one of tw
for each obsevation. categries:success or failax
[ If a countX, has a binomial distribution 4 The probability of success is the same
with number of obsevationsn,and pobabit for each obsevation.
ity of success, then: 4 Observations ae independent.
& Mean(X) = px= np 4 The variable of intest in the mmber
[ Standad Deviation(X) =sqgt[np(1-p)] of trials required to obtain the Prst suc
[ P(X=k) = (nCk)(p"k)(1-p)*(n-k) cess.
[ On theTI-83,binompdf(n, k) [J The mean of a geometric count is p=1/p
™ P(X'k) = binomcdf(n, k) [J The standad deviation of a geometric

[J As the rumber of obsevations inceases,  count is sigma=saf(1-p)/p"2)

a normal @proximation can be used to bnd  [J The probability it will tale more than n
binomial pobabilities.General, this g- trials or an event to occur is (1-p)™n
proximation will be accurate when both np

and n(1-p) ae greater than 10.
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8.1: Introduction to Binomial Distributions - “Plinko”

In the game of Plirka ball is dopped davn a chute ridiled with pegsWhen it hits a pegf has an
equal chance of falling to the left or to the right.then proceeds davn to another row of pegshitting
on of them and falling left or right to the nexbw. The boad belowv shows the general ideaf a Plink

board with 7 bins.

Our goal is to determine the prbability that a ball settles in sI®DOTo do sqwelll staby using a
simulation method to get an estimaté\s our ball maes davn the game boat, it will hit exactly one

peg in eachaw. Each time it hits a pef,has a 0.5 chance of falling to the right and a 0.5 chance of fal
ling to the left.A ball will land in bi®@DO if it falls to the right te times and to the left thee times in

ary order.

Let the random variable X=# of times the ball falls to the rigBur goal is to bnd P(X=3)
1.Using wur random rumber generator or a randomumber tablesinulate 40 Plink gameso do sq

enter Randint(1,2,6) onoyr calculator 1=Left,2=RightEach selection of 6 digitepresents 1 trial.
Simulate 20 trials andecord the rumber of times the ball lands in DO bele:

Lands in Bin D

Doesn’t Land in Bin D

Combine yur results with those of other students in the clag3alculate the elative frequency of land
ing in binODO#
Lands inD"
Total Trials
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2.Determine the total mmber of possible outcomesifthe Plinlo game and list them systematigatfi
the sample space belo

LLLLLL RLLLLL RRLLLL RRRLLL RRRRLL RRRRRL RRRRR

3.Complete the pobability distribution tabledr the random variable X=# times the ball falls to the
right

X ‘ 0 | 2 3 4 5 6
PO

Did the results of yur sirmulation come close to the the@tical valuedr P(X=3)?

Flipping a coin six times and letting heagigresent falling to the right auld sinulate this situation in
much the same waas our random nmber generatar

The characterizingeiitures of this experiment & as dllows:
¢ There are two outcomesLeft or Right - heads and tails ovens and ods {success and fai@}r
¢ Each coin is Ripped 6 times or 6 digite alrawvn for a single trial.
¢ The Rips or dravs ae independent - one outcome has no inBuence on the next outcome
¢ The probability of success (falling to the right) is the saareefich trial.

A situation in which theseolir conditions ae satisbed is calledddnomial setting.

Binomial Setting

=
=
=
=

4.Suppose 5 Plimkballs ae dropped davn the boad in successionkind the pobability that all of them
land in slot©ODOFind the pobability that exacyl two of them land in slo©DO.

5.1f a ball landing in sI@AO 0DGO pa $504a ball landing in sl@BO ddFO ga $25a ball landing in

slotOCO oDEO pa $10and a ball landing in siODO s $5,pnd the expected winnings when 5 balls
are dropped.What is the standat deviation of the total amount wn?
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8.1: Binomial Distributions

As we noted in the Plink Examplea Binomial Setting is one in whiaduf conditions ae satisbed--Each
obsewation has tw outcomeslJrials ae independent here is a bgd rumber of obsevationsand
P(success) is the sanw fll obsewrations.

In practicewhen we are studying a random variable that is binonvi@ will use the notation
X is B(n,p)” where n represents the bsd rumber of obsevations and pepresents the pobability
of success.

Example: Suppose qu receie a shipment of vmonley-scooters {nothing is funnier than a mayk
on a scoote} Each scooter has a 15% chance of notking. What is the pobability 3 or moe scoot
ers in your shipment will be defctive?

Why does this situation satisfy the binomial setting?

X =+# of defecti ve scooter s out of a shipment of 5 Xis B(5, 0.15)

We know X can tale on ary value fom 0 to 5 (why?).To bnd the pobability of ag individual outcomge
we just need to use a little common sense

Let®consider the case whertthree scooters ag dekctive. The probability of that hapening is:
(0.15)(0.15)(0.15)(0.85)(0.85) = 0.002438

However, that probability describes the unique situation whehe pist theescooters ae dekctive.
What is the piobability thelast theeare dekctive? What about the brstthird,and pfth?

Note, each of these mbabilities is the samesqthe probability of thee deéctive scooters nust tale
into account the mmber of was in which 3 out of 5 can be dsdtive.

The rumber of possible combinations of 3 defive scooters out of 5 is
ll5%

_'S% 5 _
503'23&'3(5(3)! 10

Therefore, the probability of haing thiee deéctive scooters is P(X=3) = 10(.002438) = .02348
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Binomial Probability

If X is B(n,p)the possible values of X@0,1,2,3,...,n. Let k be one of these values...

P(X'=k) = (number of combinations of k successes)(P(k successes))(P(n- k failures))

= (,CAPIL" P

For exampleto Pnd P(3 defctive scooters out of 5)P(X =3) =(5C,)(0.15)(0.85" =0.0243¢

Use the brmula abee to complete the pobability distributiondr X=# defective scooters out of 5.

X 0 1 2 3 4 5

P(X)
Sletch the piobability histogramdr X:

Find#P(3 or more scooters ae dekctive) = P(X$3) =
%  P(no moe than 1 scooter is dettiwe) = P(X=1) =
%  P(odd number of deéctive scooters) =

Tl Note : Many binomial calculations can be done on your caloaglatonder your DISTR menu:

# P(X=k) = binompdf(np,k)# # # # P(X" k) = binomcdf(np, k)

Example: Suppose | am successful on 75% pfpmnalty shot attempta/Vhat is the pobability | will
male 5 or fewer of my next 9 attempts? Debne a binomial random variable and calculateabahjility

% X=

%  Xis B , )

#  P(X'5)=
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8.1: Mean and Standard Deviation of Binomial Random Variables

If a Randorvariable X is B(n,pyvhat is the expected umber of successes? tamuch variability will
there be fiom trial to trial? We can guess the amer to the brst question in most situationsuyt with a
little common senspwe can derie formulas to calculate the mean and stardideviation of X.

Let X = # of successes in a single trial of a binomial setting

# X# _O# # 1# # # E(X# =ux#0(1l-p)+1(p)=p

# PO (L-p p# # # VAR(X)# = 0% = (0-pf(Ll-p) + (1-p¥(p)

% % % % % % % % % % =p2l-p)+pl-pp
#OO# # # # # # # # 02k = p(1-p)(p+(1-p)) = p(1-p)
# # # # # # # # # ox#=sqrt(p(1-p))

If we consider n independent trials of ¥en u= np ando =sqrt(np(1-p)) . Why?

Mean and Standard Deviation of a Binomial Random Variable
If a Randorvariable X is B(n,p}he mean and standaeviation of X ae:

# Mx =# # # # # # # Ox

The Normal Approximation For Binomial Distributions
As the rumber of trials inceasesthe formulas 6r binomial pobabilities become quite cumbersome
Thankful, the following fact can help us out...
As the number of trials n gets lar ger, the binomial distribution of X gets closer
to a normal distribution.

B(n,p) = N(np , sqrt(np(1-p)))

When n is largewe can use normal pbability calculations topgroximate had-to-calculate binomial
probabilities.As a rule of thumbwe can use the normalpgroximation when nf10 and n(1-p)ul0.

Example: Suppose 60% of adultsveacredit cad debt. If we suvey 2500 adultsihat is the pobabit
ity more than 1520 wuld have credit cad debt?

X=# of adults who haveedit cad debt out of 2500 Xis B(25000.6)
We want P(X>1520)What would the piobability histogram look [&? Can w use a normal@proxima

tion? What would the mean and standhdeviation of the normal pproximation be? Use this to caleu
late the pobability
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8.2: Geometric Distributions

When dealing with Binomial settingge have a Ped rumber of trials and the random variable X counts
the number of successes within thatédgkrumber However,a rumber of situations of interst involve
counting hav long it tales br something to hppen. For examplehow long does it tak to roll 2 dice
until a sum of 7 comes up? Mamary RBips of a coin does it takuntil you get a head? Heomary licks
does it tale to get to the center of dootsie Pop "? Ok, maybe not that onebut you get the idea.

Geometric Setting:
A random variable X i&Seomeicif

*€0 €0 €0 "€

Generaly, geometric random variablesastudied though sinulation,but we can calculate pbabilities
using a little common sense

Example: On the leavard side of the island of Oahu in the small village of Nanadiit 80% of the
residents ag of HavaiOian ancegt(The HonolulutAdwertiser). Suppose qu Ry to HavaiOi and visit
Nanakuli.What is the P(brst villageoy meet is HavaiOian)®/hat is the P(pu donfmeet a HavaiOian
until the second villager)? Etc?

Let X=# of villagers gu must meet until pu meet an actual HeaiOian
P(X=1)
P(X=2)
P(X=3)
P(X=4)
P(X=5)

Sletch the pobability distribution of X and note its sha. All geometric random variables will exhibit
this general sh@eEwhy?

Handy Dandy Formulas:
If X is a Geometric random variable with P(success) = p

PX=n)=# # # # # # lx =

PX>n)=# # # # # # ox =

Find the pobability it will tale more than 4 villagers to meet a WaiOian.

Find the serage mmber of villagers it will takto meet a HavaiOiarHow much variability it thee in the
number or villagersequired to meet a HaaiOian?
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Bonus Topic: Introduction to Poisson Distributions

If we examine the Binomial distribution as thember of trials n gets larger and larger while the P{suc
cess) p gets smaller and smallex get the Risson Distribution.SimZon Denisdsson (1781-1840)
was a Fench mathematician who studiedgirabilities of rae events that occur infequenty. His distri
bution gplies to such topics as accident ratasival timesdefect ratesgetc. As with the Binomial and
Geometric distributionsywe assume ogltwo outcomesjndependencend equal pybabilities of success
for all events.We are interested in computing the pbability of r occurences in a specibed inte.

Poisson Distribution:
Let A (Greek letter lambda) @épresent the meanumber of successes of amest over a specibed tim
Let r be the umber of successes (r = 0,2,3,E) in a corresponding interal of time

P(r) = e’#
The probability of r successes within a specibed wabis: r!

W

The Rvisson Distribution can be used to model thegmability of a mmber of diférent events including
the arival of cars to a gas statioplanes at an airpoycalls to a be stationbirths of babiesand e/en
psh ariving on a PshermaniiheE

Example: Pyramid Lak is located in Neada on the Paiute Indian Regation.In adlition to its natural
beautythe lale contains some of the evld® largest cutthoat trout. The Paiute Nation uses highl
trained marine biologists to study and maintain their famous si@eel Chionicle (0l 3,No 2)
noted the fact that the Neember catch geraged 0.667 bsh per hour

Suppose qu bsh Pyramid Lakor 7 hours during the month of Neember Use the inbrmation abwe
to bnd the pobability distributiondr the number of Psh u catch in the 7 hour period.

r = # of bsh caught in a 7 houriper

Since pu can expect anvarage of 0.667 bPsh per hgyou should be able to calculale= the aerage
number of Pshgu would expect aver the 7 hour period. A =

e *'(4.7)
P(r=0) = o =
Pr=1)=
P(r=2)=
P(r=3) =
P(r=4)=

Use a little common sense to bnd theghability yu will catch éur or more bsh in the sen hour pe
riod.
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Practice: Binomial and Geometric Distributions Problems

1%The LosAngeledimes (Dec13,1992) reported that 80% of airline passengergfer to sleep on
long RBights rather than watch migsreadetc. Consider randony selecting 25 passengersrir a
particular long RightDebne a random variable X and wes the following questions.
a)¥Calculate and intermt P(X=12)
b)%Calculate and intergt P(X=25)
c)# Calculate and intergt P(X$20)
d)%Calculate and interpat the mean and standaudeviation of X

2 # Sophie is a dog who Ves to pla catch. Unfortunatel, she isrt@ery good,and the P(catches a
ball)=0.1.Debne X=# tosseseaquired for Sophie to catch the ball.
a)%Calculate and interpat P(X=2)
b)# Calculate and interm@t P(X$3)
c)%Calculate and inter@t the mean and standadeviation of X

3.%You are to take a nultiple choice exam consisting of 100 questions with passible esponses to
each.Suppose qu have not studied and decide to guess randgroh each questionLet X=# cor-
rect responses on the exam.
a)%What is your expected scoe on the exam?
b)%Compute and interpet the standad deviation of X.
C)%If 50% is passinghat is the pobability yu will pass the examybguessing?

4%In his bookJo Engineer is Humamnhe Role of Fail@ in Successful Desigtenri Retroski indicates a
large imber of structural failles ae the result of hairline crackés these cracks inease in om-
ber, the strength of the structue decreases.Suppose aataining wall has average of 4.2 cracks
per 30-bot section.What is the piobability of haing 3 cracks eer a 50 ft section of the wall? Sup
pose the stength is seerely compiomised if thee are more than 8 cracks eer a 50 bot section.
Provide a statistical argument as to whether or no¢ whould be concerned about thetaining
wall.

59%Buppose 5% of ceal baes contain a prizeYou are determined to buy cexal baes until yu win a
prize.

a)%What is the pobability yu will have to buy at most 2 bres?
b)%What is the piobability yu will hare to buy exactl 4 bakes?
¢)%What is the pobability yu will hare to buy moe than 4 baes?

6.If the temperatue in Florida falls bele 320F thee is a chance the citrus @p will be damagedSup
pose the pobability an orange &e will be damaged in coldeather is .1.Use a normal pproximation
to determine the @proximate pobability moe than 225 tees will be damaged in anobraid of 2000
treesBe sue to provide evidence that a normalpgroximation is @propriate. Compase your probabit
ity to the actual binomial calculation.
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